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This i s  an i n t e r i m  r e p o r t  which summarizes work during 
t h e  p a s t  s i x  months on some aspec t s  of symmetry a n a l y s i s  a p p l i e d  
t o  the i n t e r a c t i o n  between e l e c t r o n  beams and electromagnet ic  
f i e l d s .  Symmetry a n a l y s i s  i s  combined w i t h  coupled mode theory  
t o  explore  t h e  space charge waves and t h e i r  assoc ia ted  phase 
cons tan ts  f o r  a coupled sys t em of symmetrically loca t ed ,  paral- 
l e l ,  e l e c t r o n  beams. Both confined f l o w  and B r i l l o u i n  focused 
e l e c t r o n  beams a r e  considered.  
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The o b j e c t i v e  of t h i s  r e s e a r c h  program i s  t o  explore  
t h e o r e t i c a l l y  some a s p e c t s  of  t h e  i n t e r a c t i o n  between a 
d r i f t i n g  stream of e l e c t r o n s  and electromagnetic f i e lds ;  
p a r t i c u l a r  emphasis being given t o  t h e  poss ib l e  genera t ion  
and ampl i f i ca t ion  of mi l l ime te r  waves. T h i s  i n t e r im  r e p o r t  
d i scusses  an a p p l i c a t i o n  of symmetry a n a l y s i s  t o  t h e  s tudy of 
t h e  i n t e r a c t i o n  between e l e c t r o n  beams and electromagnetic 
f i e l d s .  A s y s t e m  of p a r a l l e l ,  uniform e l e c t r o n  beams loca ted  
symmetrically around t h e  circumference of a c i r c l e  i s  analyzed. 
Symmetry a n a l y s i s  enables  t h e  number and poss ib le  degeneracy 
of  t h e  space charge wave modes of t h e  coupled sys t em t o  be 
s p e c i f i e d  exac t ly .  It a l s o  provides  a q u a l i t a t i v e  e s t ima te  of 
t h e  v a r i a t i o n  of t h e  coupled system's phase cans tan ts  w i t h  t h e  
degree of coupling. Combining coupled mode theory w i t h  symmetry 
a n a l y s i s  enables  a q u a n t i t a t i v e  es t imate  of the  coupling 
f a c t o r s  t o  be made. Expressions a r e  developed f o r  bo th  con- 
f i n e d  f l o w  and B r i l l o u i n  focused e l e c t r o n  beams. 
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T I .  SYMMETRY A N A L Y S I S  OF S P A C E  CHARGE WAVES ON 
COUPLED ELECTRON BEAMS 
A. I n t roduc t ion  
Symmetry a n a l y s i s  has a number of p o t e n t i a l  a p p l i c a t i o n s  
t o  t h e  s tudy of  t h e  i n t e r a c t i o n  between e l e c t r o n  beams and 
electromagnet ic  waves. A s  an example o f  one a p p l i c a t i o n  o f  
symmetry a n a l y s i s  t o  e l e c t r o n  beam devices ,  the space charge 
waves f o r  a system o f  symmetrically loca t ed ,  p a r a l l e l ,  coupled 
e l e c t r o n  beams w i l l  be d iscussed .  The a n a l y s i s  i l l u s t r a t e s  
how t h e  lowest o r d e r  space charge wave p a i r  on an i s o l a t e d  
e l e c t r o n  beam can be used to approximate t h e  space charge waves 
on a symmetric system of e l e c t r o n  beams, and how t h e  r e s u l t i n g  
space charge wave r educ t ion  f a c t o r s  can be determined t o  good 
accuracy. I n  t h e  course of t h i s  symmetry ana lys i s ,  some aspec t s  
of group theory  are combined w i t h  coupled mode theory .  
The e l e c t r o n  beam s y s t e m  considered has a number of 
i d e n t i c a l ,  uniform, c i r c u l a r  e l e c t r o n  beams o f  r a d i u s  b,  lo -  
ca t ed  symmetrically around t h e  circumference sf a c i r c l e  o f  
r a d i u s  a ( a  >> b ) .  These beams d r i f t  p a r a l l e l  t o  the z a x i s  
w i t h  a d-c v e l o c i t y  uo. 
beams ( i n f i n i t e  magnetic f i e l d ,  no t r a n s v e r s e  e l e c t r o n  motion)" 
I n i t i a l l y ,  confined flow e l e c t r o n  
a r e  considered; l a t e r ,  e l e c t r o n  beams w i t h  a f i n i t e  focusing 
magnetic f i e l d  ( inc luding  t h e  case o f  B r i l l o u i n  focus ing)  w i l l  
be considered b r i e f l y .  A s  a p a r t i c u l a r  example, a system of 
f o u r  e l e c t r o n  beams will be analyzed (see  Figure I ) .  However, 
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FIGURE 1. Pour Coupled E lec t ron  Beams o f  Radius 'b 
Symmetrically Located on a C i r c l e  o f  Radius a.  
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t h e  method i s  a p p l i c a b l e  t o  any number of e l e c t r o n  beams. 
Coupled mode theo ry  assumes t h a t  t h e  modes o f  t h e  coupled 
sys tem are w e l l  approximated by a l i n e a r  combination of the  
modes which propagate on t h e  var ious  e l e c t r o n  beams i n  t h e  
absence o f  coupling. It assumes, then, tha t  t h e  uncoupled 
modes a r e  per turbed  only a s m a l l  amount, and hence, t h a t  t he  
coupling i s  weak. 
For the  coupled e l e c t r o n  beam sys tem,  t h e  eigenvector  
equation 
HA = @A (.I 1 
must be s a t i s f i e d .  Here H i s  t h e  matr ix  of coupling coe f f i -  
c i e n t s  r e l a t i v e  t o  a basis which i s  taken t o  be t h e  vec to r  
f i e l d s  o f  the uncoupled e l e c t r o n  beams, A i s  an eigenvector  
of H g iv ing  the  coord ina tes  o f  a mode of t h e  coupled e l e c t r o n  
beam sys t em r e l a t i v e  t o  t h e  chosen basis, and g i s  the  phase 
constant  (an eigenvalue)  of the  mode of t h e  coupled e l e c t r o n  
beam system w i t h  coord ina tes  given by A. 
If the  e l e c t r o n  beams a r e  symmetrically loca ted ,  t hen  a 
p a r t i c u l a r  group o f  symmetry opera t ions  w i l l  map t h e  system 
onto i t s e l f .  The mat r ix  H must commute wi th  the  represen- 
t a t i o n  D(S) (formed from t h e  basis func t ions )  a s soc ia t ed  
w i t h  each symmetry ope ra t ion  S of t he  symmetry group 
c h a r a c t e r i s t i c  of t h e  system, 
D ( S )  H = H D(S).  (2 )  
Symmetry, t h e r e f o r e ,  r e s t r i c t s  t h e  form t h a t  H can t ake .  
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B. Space Charge Waves on a Confined Flow Electron Beam 
The s o l u t i o n s  for t h e  lowest o r d e r ,  a x i a l l y  symmetric, 
space charge wave p a i r  on a confined flow, c i r c u l a r  e l e c t r o n  
beam a r e  we l l  known. Assuming a t i m e  and z dependence of 
exp( ju t - j ez ) ,  a l l  t h e  f i e l d  components, t h e  current  d e n s i t y ,  
and t h e  v e l o c i t y  can be expressed i n  terms of t h e  a x i a l  e l e c t r i c  
f i e l d  EZ which must s a t i s f y  t h e  equat ions 
O < r < b ,  
P > a, 
2 2 
(VT + 5 )Ez = 0, 
2 
. (V; - Y )Ez = 0, 
2 2 2 
Y = 8  - k ,  
2 
- 1 I, 2 E 2  = Y2 c @P (8, - 8 )  
where o i s  t h e  plasma frequency f o r  t h e  e l e c t r o n  beam. P 
The a x i a l l y  symmetric s o l u t i o n  t o  these equat ions i s  
The phase constant  f3 i s  determined f rom t h e  c h a r a c t e r i s t i c  
equat ion 
I n  t h e s e  equations,, Jo and J1 are Bessel  func t ions  of t h e  
5 
4 
f i rs t  kind, and KO and Kl are modified Bessel func t ions  of 
t h e  second kind. For each s e t  of parameters, b ,  uo, w, and 
w t h e r e  a r e  two l o w e s t  o rde r  s o l u t i o n s  for 6, corresponding 
t o  t h e  f a s t  and slow space charge waves. The phase cons tan t  
P' 
f3 can be w r i t t e n  as 
where R i s  t h e  plasma frequency reduct ion  f a c t o r  (R < 1). 
Branch and Mihran3 have publ ished curves of R versus  Beb f o r  
a v a r i e t y  o f  geometries and parameter values .  
A p lanar ,  confined flow e l e c t r o n  beam, that  i s ,  a con- 
f ined  flow e l e c t r o n  beam w i t h  i n f i n i t e  rad ius ,  has R = 1. 
For a l l  confined f l o w  e l e c t r o n  beams w i t h  a f i n i t e  r a d i u s ,  R 
w i l l  be i n  t h e  range from 0 t o  1. 
f o r  s low and fas t  space charge waves, r e spec t ive ly .  Thus,  R 
-is a measure of  t h e  d e v i a t i o n  of t h e  phase constant  f rom B e ,  
From (61, R = + ( e  - @,)/ep 
measured r e l a t i v e  t o  t h e  magnitude o f  . There i s  another  
physrca l  i n t e r p r e t a t i o n  o f  t h e  plasma frequency reduct ion  
f a c t o r  R t h a t  can be made. I f  t h e  a-c a x i a l  cu r ren t  d e n s i t y  
Jz i n s i d e ' t h e  e l e c t r o n  beam i s  ca l cu la t ed ,  one f i n d s  t h a t  
P 
( 7 )  2 - R  EZ o q -  - j w e  
f o r  a confined f l o w  e l e c t r o n  beam. Thus, R i s  a measure o f  
t h e  square roo t  of t h e  r a t i o  of t h e  a x i a l  e l e c t r i c  f i e l d  t o  
t h e  ax ia l  cu r ren t  dens i ty .  T h i s  r e s u l t  w i l l  be used la te r  t o  
determine t h e  per turbed phase cons tan t  i n  a mul t ip le  e l e c t r o n  
beam s y s t e m .  
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It i s  assumed here  t h a t  t h e  magnitude of 6 i s  apprec iab le  q 
compared t o  8,. 
slow and fas t  space charge waves, 
I n  o t h e r  words, t h e  phase v e l o c i t i e s  of t h e  
differ  apprec iab ly .  A s  a consequence of t h i s  assumption, i n  
t h e  mul t ip l e  e l e c t r o n  beam system t h e  fas t  space charge waves 
of t h e  var ious  e l e c t r o n  beams w i l l  couple toge ther ,  a s  w i l l  
t h e  s low space charge waves. However, t h e r e  w i l l  be no 
s i g n i f i c a n t  coupling between fas t  and s l o w  space charge waves. 
T h i s  s i m p l i f i e s  t h e  a n a l y s i s  of t h e  coupled system. 
C.  Symmetry of t h e  Mult iple  Confined Flow Elec t ron  Beams 
A m u l t i p l e  e l e c t r o n  beam system w i t h  n confined f l o w  
e l e c t r o n  beams symmetrically loca t ed  around t h e  circumference 
of  a c i r c l e  o f  r a d i u s  a has an a s soc ia t ed  symmetry group 
designated by  Cnv ( f o r  an i n t r o d u c t i o n  t o  symmetry a n a l y s i s  
r e f e r  t o  McWeeny 4 ).  Thus t h e  four-beam sys tem of Figure 1 
belongs t o  the  symmetry group CLCV. This  group con ta ins  the  
fol lowing e i g h t  symmetry opera t ions ;  i d e n t i t y  ( E ) ,  r o t a t i o n  
by +goo about t h e  z a x i s  ( C 4 ) ,  r o t a t i o n  by  180° about t h e  z 
a x i s  (C, ) ,  r o t a t i o n  by -goo about the z a x i s  ( E  >, r e f l e c t i o n  
i n  t h e  xz plane (CT ), r e f l e c t i o n  i n  the  yz  plane (ox), re -  
f l e c t i o n  i n  t he  qz plane  (0 ), and r e f l e c t i o n  i n  t h e  pz plane 
( c T ~ ) .  Each o f  t hese  symmetry opera t ions  produces a re- 
arrangement o f  t h e  e l e c t r o n  beam system which i s  ind i s t ingu i sh -  





The axial electric field of the four-beam coupled 
system can be expressed in terms of the axial electric fields 
of the isolated electron beams. 
and Ez4  for the isolated electron beams (given by equations 
of the form of (4a,b)) are used as a basis f o r  the coupled 
system. It is necessary to construct a matrix representation 
of C4v relating to this basis. 
which of the five irreducible representations &f C4v are con- 
tained in the representation based on the EZ (refer to McWeeny 
for a discussion of representations of symmetry groups). 
five irreducible representations of C4v are given in the 
Appendix; there are four one-dimensional and one two-dimensional 
That is, the EZ1, EZ2, Ez3, 
This is done bg determining 
4 
The 
representations. It is easiest to work with the characters, 
that is, the traces, of the matrix representations. 
The character of one of the matrix representations of 
is determined by counting the number of basis functions c4v 
transformed into themselves by the associated symmetry oper- 
ation. Or, in what amounts to the same proceduse, by counting 
the number of electron beams which are mapped onto themselves 
by the symmetry operation. For the identity Operation, E, all 
four electron beams are mapped onto themselves. For each of 
the reflection operations, ox and CT 
mapped onto themselves. For none of the other symmetry 
operations are any electron beams mapped onto themselves. 
Table 1 summarizes these results. 
two electron beams are Y’ 
TABLE 1. Number of E lec t ron  Beams Mapped 
onto Themselves by a Symmetry Operation 
Symmetry 






U c2 i54 X 
Number 4 0  0 0 2 2 0 0 
Applicat ion o f  t he  o r thogona l i ty  theorem f o r  c h a r a c t e r s  
( re ference  4 ,  page 1 2 2 )  i n d i c a t e s  t ha t  t h r e e  of t h e  f i v e  
i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  C4v w i l l  appear i n  t h e  d e s i r e d  
r ep resen ta t ion ,  and t h a t  i t  can be w r i t t e n  a s  the d i r e c t  sum 
of these ,  
Here t h e  Di(S) a r e  t h e  i r r e d u c i b l e  representatLons f o r  
symmetry ope ra t ion  S o f  CQV ( l i s t e d  i n  t h e  Appendix), and 
D ( S )  i s  the  reduced form of t h e  desired r ep resen ta t ion .  This 
i n d i c a t e s  that  there  w i l l  be two nondegenerate modes and a 
degenerate p a i r  of  modes f o r  t h e  coupled e l e c t r o n  beam sys t em 
1 
corresponding t o  each space charge wave o f  an i s o l a t e d  
e l e c t r o n  beam. 
The v e c t o r  f i e l d s  of t h e  coupled e l e c t r o n  beam system 
must provide a b a s i s  f o r  any one of t h e  i r r e d u c i b l e  represen-  
t a t i o n s  that  a r e  contained i n  t h e  se t ' {D ' (S )} .  These bases  
give t h e  e igenvec tors  o f  H. The bases  may be cons t ruc ted  
using t h e  basis func t ion  gene ra t ing  technique ( r e fe rence  4 ,  
page 1 2 8 ) .  
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C D L 2 ( S )  S EZ1 = 2[-EZ2 3- Ez4]  s 5  
E D 2 l ( S )  s 5  S EZ1 = 0 
g D g 2 ( S )  S EZ1 = 0 
These f i e l d  conf igura t ions  t ransform according t o  the 
i r r e d u c i b l e  r e p r e s e n t a t i o n s  of  C contained in, ID (S)) .  - 1  4v 
The slow space charge wave w i l l  be discussed i n  de t a i l ;  
a similar procedure a p p l i e s  t o  t h e  fas t  space charge wave. 
For t h e  slow space charge wave, H must have the form 
H =  
8 0  
hl 
h2 i hl hl 80 h2 h2 hl $0 hl hl ::I 60 
Here, Bo = 8, + B 
charge wave o f  an i s o l a t e d  e l e c t r o n  beah. 
i s  t h e  phase constant  of the s l o w  space 
cl 
The coupling 
between n e a r e s t  neighbor e l e c t r o n  beams i s  denoted by hl, 
and between opposi te  e l e c t r o n  beams by h2; these  coupling 
f a c t o r s  a r e  evaluated i n  t h e  next  s ec t ion .  From t h e  r e s u l t s  
i n  Equations (lo), ' t he  e igenvec tors  o f  H a r e  
1 0  
( 1 2 )  
These e igenvec tors  have the  r e s p e c t i v e  eigenvalues 
$1 = 8, + 2 h l  + h23 
- - 2hl + h2, 83 - $0 
$5 - Bo - h2 (a  degenerate p a i r ) .  (13) - 
Figure 2 shows how t h e  phase cons t an t s  f o r  the slow space 
charge waves of t h e  coupled e l e c t r o n  beam system w i l l  vary 
as the coupling i s  increased  from zero to a f i n i t e  va lue .  
The coupled-mode corresponding t o  t he  eivenvalue B1 has 
ax ia l  symmetry; t h a t  i s ,  t h e  f i e l d s  on a l l  foup o f  t h e  
e l e c t r o n  beams a r e  i n  phase. For t h i s  coupled mode, 
$1 = f3, + R B 
e l e c t r o n  beam. 
f o r  this mode of the  coupled system i s  l a r g e r  than  t h e  value 
R f o r  an i s o l a t e d  e l e c t r o n  beam. The o t h e r  plasma frequency 
i s  greater than  Bo = (3, + RB of an i s o l a t e d  
1 P  P 
Thus the plasma frequency reduet ion f a c t o r  R1 
r educ t ion  f a c t o r s  f o r  t h e  coupled system, R2  and R3, are b o t h  
smaller  t h a n  R.  
The phase cons t an t s  f o r  t h e  fas t  space charge waves a r e  
obtained by r eve r s ing  t h e  s i g n s  o f  g 
i n  Equation ( 1 3 ) .  The v a r i a t i o n  of t h e  phase eons t an t s  f o r  
i n  f3,, and of hl and h2 
P 










FIGURE 2 .  Q u a l i t a t i v e  Var i a t ion  of Phase Constants for Space 
Charge Waves on a Four-Beam Coupled System, 
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system a s  t h e  coupling i s  inc reased  from zero t o  a f i n i t e  
va lue  a r e  a l s o  shown i n  Figure 2 .  -One way t o  vary the  
coupling i s  t o  vary t h e  r a d i u s  a of t h e  coupled e l e c t r o n  beam 
sys t em.  The coupling i s  zero f o r  i n f i n i t e  rad ius  and i n c r e a s e s  
from zero as the r ad ius  decreases .  
D. Ca lcu la t ion  of t h e  Coupling Fac tors  
The c a l c u l a t i o n  of t h e  coupling f a c t o r s ,  Inl and h2, f o r  
the  coupled e l e c t r o n  beam s y s t e m  i s  discussed now. It i s  
only necessary t o  consider  t h e  coupling between two e l e c t r o n  
beams; from that  r e s u l t  t h e  coupling f a c t o r s  fo r  an n-electron 
beam s y s t e m  fol low d i r e c t l y .  The  two-beam system i s  shown 
i n  Figure 3; two i d e n t i c a l ,  confined flow e l e c t r o n  beams of 
r a d i u s  b . a n d  sepa ra t ion  d d r i f t  p , a r a l l e l  t o  each o t h e r  w i t h  a 
d-c v e l o c i t y  uo. 
It i s  assumed tha t  the plasma frequency reduct ion  f a c t o r s  
f o r  t h i s  two-beam coupled system a r e  s t i l l  propor t iona l  t o  t h e  
square r o o t  o f  t h e  r a t i o  between t h e  a x i a l  e l e c t r i c  f i e l d  and 
t h e  a x i a l  cu r ren t  dens i ty ,  as i n  Equation ( 7 ) .  Now, however, 
for given a x i a l  c u r r e n t  d e n s i t i e s  i n  t he  two e l e c t r o n  beams, 
the a x i a l  e l e c t r i c  f i e l d  i n  e i t h e r  beam has components pro- 
duced by t h e  a x i a l  c u r r e n t s  i n  both beams. Thus, i f  R i s  the  
t 
plasma frequency reduct ion  f a c t o r  f o r  t h e  coupled s y s t e m ,  
then  i n  the f i r s t  e l e c t r o n  beam, 
Y 
c 
# 2  
-dl 
# I  
FIGURE 3. Two Coupled Electron Beams of' Radius b and 
S e p a r a t i o n  d .  
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Here, r1 i s  measured f rom t h e  a x i s  o f  t h e  f i rs t  beam and r2 
from t h e  a x i s  of t h e  second beam. 
Consis tent  w i t h  t h e  weak coupling assumption inhe ren t  i n  
coupled mode theory ,  it i s  assumed t h a t  ~Ez2(r2)/Ezl(rl)~ <<  1, 
and that t h i s  r a t i o  does not  vary appreciably over t h e  f i r s t  
e l e c t r o n  beam c ross  s e c t i o n .  T h i s  w i l l  be v a l i d  i f  both t h e  
following condi t ions  a r e  f u l f i l l e d .  F i r s t ,  d >> b s o  t h a t  
EZ2(r2) i s  small  compared t o  EZ,(r,) and v a r i e s  slowly, and 
second, the  e l e c t r o n  beams a r e  e l e c t r i c a l l y  t h i n  (Beb/R 2 1) 
s o  t h a t  Ezl(rl) v a r i e s  slowly over t h e  c r o s s  s e c t i o n  of t h e  
f i r s t  e l e c t r o n  beam. Then 
i f  t h e  ax ia l  c u r r e n t s  i n  t h e  two beams a r e  i n  phase ( t h e  
a x i a l l y  symmetric case ) .  However, t h e  assumptions imply  t h a t  
Jo(Cb)Ko(yd)/Ko(yb) < <  1, s o  t h a t  t o  reasonable accuracy, 
For t h e  a x i a l l y  symmetric s l o w  space charge wave of 
t h e  two-beam system, 
6,- = 6 + h, 
0 
from symmetry a n a l y s i s .  But we a l s o  have 
= '6 t (R 1 -R)Bp.  
0 
I n  Figure 4,  h/B versus  yb i s  shown f o r  two values  of d/b. 
P 
I n  t h e  four-beam coupled system, t h e  coupling f a c t o r s  
a r e  determined by r ep lac ing  t h e  d i s t ance  d i n  (19) by the  
appropr i a t e  beam sepa ra t ion  value; d = v?? a for hl and 
d = 2a f o r  h2. 
Note t h a t  i n  eva lua t ing  hl and n2, one can s e t  
gb = y b / v  
R 
w i t h  y b  t h e  value f o r  an i s o l a t e d  e l e c t r o n  beam; t h i s  i s  
cons i s t en t  w i t h  the  var ious  approximations made. 
E. Coupled Elec t ron  Beams with a F i n i t e  Magnetic Focusing F i e l d  
Although confined flow focusing of e l e c t r a n  beams can be 
approximated i n  p r a c t i c e ,  t h e  case  o f  a f i n i t e  magnetic 
focusing f i e l d  i s  of cons iderable  i n t e r e s t  a l so .  If a f i n i t e  
magnetic focus ing  f i e l d  i s  used, then,  i n  general ,  t o  o b t a i n  
an uniform c ross  s e c t i o n  as t h e  beam d r i f t s ,  5% i s  necessary 
t o  balance t h e  rad ia l  space charge f o r c e  i n  the beam by a 
c e n t r i p e t a l  f o r c e  produced by  beam r o t a t i o n .  To ob ta in  
beam r o t a t i o n ,  t h e  magnetic f l u x  l i n k i n g  t h e  cathode i s  
e s t ab l i shed  a t  a lower value than  t h e  main focusing magnetic 
3.6 
d - =  4 
b 
FIGURE 4. Effective Coupling Factor 
h/B versus yb for,Confined Flow Two- 
Beag System. 
Beam Radius = d/b. 
Ratio of Beam Separation to 
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flux. The l i m i t i n g  case i s  B r i l l o u i n  focusing5 where t h e  
cathode f l u x  i s  zero; t h i s  case a l s o  r e q u i r e s  t h e  l e a s t  main 
magnetic f l u x  t o  focus an e l e c t r o n  beam o f  given r ad ius ,  
cu r ren t  dens i ty ,  and beam vo l t age .  
Because of  t h e  r o t a t i o n  o f  each e l e c t r o n  beam around i t s  
own ax i s ,  t h e  symmetry of an n-beam coupled system w i l l  now 
be Cn r a t h e r  than  Cnv. That i s ,  r e f l e c t i o n  i n  a plane con- 
t a i n i n g  t h e  s y s t e m  a x i s  w i l l  r eve r se  t h e  d i r e c t i o n  of  r o t a t i o n '  
of each e l e c t r o n  beam, and hence t h i s  cannot be a symmetry 
operat ion.  I n  p a r t i c u l a r ,  t h e  symmetry g roup  For a four-beam 
system i s  C 4 .  
i d e n t i t y  ( E ) ,  r o t a t i o n  by  +goo (C4) ,  r o t a t i o n  by 180° (C ), 
and r o t a t i o n  by -90" (E4). The t h r e e  i r r e d u c i b l e  represen-  
t a t i o n s  of C 4  are given i n  t h e  Appendix. 
dimensional and one two-dimensional r ep resen ta t ions .  
T h i s  group conta ins  four  symmetry opera t ions :  
2 
There a r e  two one- 
To ob ta in  t h e  c h a r a c t e r s  of t h e  matr ix  r ep resen ta t ions  of' 
C 4  f o r  t h i s  system, we again count t h e  number of e l e c t r o n  beams 
mapped onto themselves by a symmetry operat ion.  For t h e  
i d e n t i t y  opera t ion  E, a l l  fou r  e l e c t r o n  beams a r e  mapped onto 
themselves. 
and c4, are any e l e c t r o n  beams mapped onto themselves. Appli-  
For none of the  o t h e r  symmetry operat ions,  C4, C2 
ca t ion  o f  t h e  or thogonal i ty  theorem f o r  cha rac t e r s  i n d i c a t e s  
t h a t  a l l  t h r e e  i r r e d u c i b l e  r ep resen ta t ions  o f  C4 w i l l  appear i n  
t h e  des i r ed  r ep resen ta t ion ,  and 
' .  
Thus i n  t h i s  case,  as i n  t h e  confined flow e l e c t r o n  beam 
case,  there w i l l  be t w o  nondegenerate modes and a degenerate 
p a i r  of modes corresponding t o  each space charge wave of an 
i s o l a t e d  e l e c t r o n  beam. Therefore,  by analogy w i t h  Equation 
(131, 
B1 = 8, f 2hl f h2 
- 2hl f h2, 
(a  degenerate pa i r ) .  (23) - 83 - Bo - h2 
The behavior of t h e  s l o w  and f a s t  space charge wave phase 
cons tan ts  as t h e  coupling i s  va r i ed  f o r  t h i s  case has t h e  
form shown i n  Figure 2 .  
Although t h e  gene ra l  behavior o f  t h e  phase cons t an t s  f o r  
an e l e c t r o n  beam system w i t h  a f i n i t e  magnetic focusing f i e l d  
i s  the  same as f o r  confined flow focusing,  the  coupling f a c t o r s  
vary w i t h  t h e  magnetic f i e l d .  For s i m p l i c i t y ,  only the case 
of B r i l l o u i n  focusing w i l l  be  considered here .  For t h e  space 
charge waves on an i s o l a t e d  B r i l l o u i n  focused e l e c t r o n  beam 
one f i n d s  (Trevena ) 6 
.- jus E 
O Z = R - .  w 
P 
JZ w 
Again consider ing a two beam sys t em w i t h  a beam sepa ra t ion  d,  
and 
Note t h a t  I o ( y b )  r a t h e r  than  JoCEb) appears Zn t h e s e  equat ions;  
t h i s  i s  a consequence o f  t h e  somewhat d i f f e r e n t  v a r i a t i o n  o f  
t h e  f i e l d s  i n s i d e  a B r i l l o u i n  beam compared to a confined 
flow beam. 6 
Proceeding i n  a manner similar t o  t h a t  used i n  t he  previous 
sec t ion ,  one f i n d s  t h a t  
I n  Figure 5, h/B ve r sus  yb  i s  shown f o r  two values  of d/b. 
I n  t h e  four-beam coupled system, 
P 
F. Conclusions 
One o f  t h e  a p p l i c a t i o n s  of symmetry ana lys i s  t o  t h e  study 
of t h e  i n t e r a c t i o n  between e l e c t r o n  beams an8 electromagnet ic  
f i e l d s  has been explored.  Symmetry a n a l y s i s  uas used to 
determine t h e  phase cons t an t s  f o r  t h e  space charge waves on a 
symmetric system of coupled e l e c t r o n  beams. 
A t  a q u a l i t a t i v e  l e v e l ,  symmetry a n a l y s i s  i s  a b l e  t o  pre- 
d i c t  t h e  number of modes and t h e  occurrence of p o s s i b l e  de- 
generac ies  o f  t h e s e  modes. Fu r the r ,  i t  p r e d i c t s  t h e  d i r e c t i o n  
i n  which t h e  phase constant  f o r  each mode w i l l  s h i f t ,  r e l a t i v e  
t o  the  i s o l a t e d  e l e c t r o n  beam va lue ,  a s  t h e  coupling between 
the  e l e c t r o n  beams inc reases .  It was found that t h e  number 





0 0.2 0.4 0.6 0.8 1.0 I .2 
Y b  
21 
behavior of t h e i r  phase cons t an t s  wi th  t h e  magnitude of coupling, 
i s  independent o f  whether t h e  magnetic focusing f i e l d  i s  
i n f i n i t e  o r  f i n i t e ,  even though t h e  a s soc ia t ed  symmetry group 
i s  d i f f e r e n t  f o r  t h e s e  two cases .  
By combining coupled mode t h e o r y  wi th  symmetry a n a l y s i s ,  
q u a n t i t a t i v e  e s t ima tes  o f  t h e  change i n  phase constant  f o r  
t h e  var ious  modes o f  t h e  coupled s y s t e m  can be obtained.  These 
a r e  expressed i n  terms of t h e  i s o l a t e d  e l e c t r o n  beam parameters 
and t h e  s e p a r a t i o n  o f  t h e  e l e c t r o n  beams i n  t h e  coupled system. 
I n  p a r t i c u l a r ,  a n a l y t i c  expressions f o r  the l i m i t i n g  cases  
of confined f low focusing and B r i l l o u i n  focusing were de- 
veloped. 
the e l e c t r o n  beams), t h e  e f f e c t i v e  plasma frequency reduct ion  
f a c t o r  a lways  i n c r e a s e s  r e l a t i v e  t o  the value f o r  an i s o l a t e d  
e l e c t r o n  beam. T h i s  i s  t r u e  f o r  any number of coupled e l e c t r o n  
beams. A t  l e a s t  f o r  t he  four-beam case,  a l l  t he  o the r  modes 
have a reduced value of e f f e c t i v e  plasma frequency reduct ion  
f a c t o r .  
For the  a x i a l l y  symmetric mode (Ez i n  phase i n  a l l  
22 
APPENDIX 
IRFEDUCIBLE REPRESENTATIONS FOR SYMMETRY GROUPS C 4  and C4v  
1. cq 
E 1 1 





1 -1 c4 
Note: Four one-dimensional irreducible representations 
can be found for C 4 ,  but two o f  them involve imaginary 
entries and are complex conjugates. For the purpose of 
t h i s  analysis, this complex conjugate pair are combined 
to produce a real two-dimensional representation. 
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